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Matthew C. O’Brien∗ and Oleg P. Sushkov
School of Physics, The University of New South Wales, Sydney, New South Wales 2052, Australia
Strong quantum fluctuations in magnetic systems can create disordered quantum spin liquid
phases of matter which are not predicted by classical physics. The complexity of the exotic phe-
nomena on display in spin liquids has led to a great deal of theoretical and experimental interest.
However, understanding the fundamental nature of the excitations in these systems remains chal-
lenging. In this work, we consider the Lifshitz quantum critical point in a two-dimensional frustrated
XY antiferromagnet. At this point, quantum fluctuations destroy long range order, leading to the
formation of an algebraic Lifshitz spin liquid. We demonstrate that the bosonic magnon excitations
are long-lived and well-defined in the Lifshitz spin liquid phase, though paradoxically, the dynamic
structure factor has a broad non-Lorentzian frequency distribution with no single-particle weight.
We resolve this apparent contradiction by showing that the Lifshitz spin liquid suffers from an in-
frared catastrophe: An external physical probe always excites an infinite number of arbitrarily low
energy quasiparticles, which leads to significant radiative broadening of the spectrum.
PACS numbers: 75.10.Jm, 75.40.-s, 75.50.Ee, 42.50.Lc
I. INTRODUCTION
The nature of excitations in quantum spin liquids
— quantum spin systems with no long range order at
T = 0 — is an open question of great importance (see
Refs. [1, 2] for reviews), and different models can be
host to drastically different excitations. For example,
the one-dimensional (1D) antiferromagnetic Heisenberg
chain — which has a disordered ground state — has
spin-1 magnon quasiparticles with a gapped spectrum
if the spin per unit cell is an integer [3]. However, if
the spin per unit cell is half-integer, then the excitations
are gapless spin-1/2 spinons [4]. Further, Kitaev’s two-
dimensional (2D) honeycomb model is exactly solvable,
and has a topological spin liquid phase with spin-1/2 Ma-
jorana fermions [5]. In this work, we are interested in dis-
ordered states arising from quantum critical fluctuations.
In terms of the effect on quasiparticles, two scenarios
are known: 1) In the standard Landau-Ginzburg-Wilson
(LGW) O(N) universality class description, quasiparti-
cles are not qualitatively changed at the quantum critical
point [6]. 2) Beyond the LGW paradigm, quasiparticles
can become fractionalized into “more elementary” exci-
tations at deconfined quantum critical points [7].
The Kitaev model is actually an example of a broader
class of systems where the spin liquid ground state is
formed by highly frustrated interactions between the
microscopic spins [8]. Classically, magnets with frus-
trated long range interactions can have collinear and spi-
ral phases which are separated by the so-called Lifshitz
point (LP). It is also well understood that quantum fluc-
tuations are always enhanced near the LP [9, 10]. In
particular, it has been predicted that in a 2D square lat-
tice antiferromagnet, quantum fluctuations destroy long
∗ matthew.obrien@unsw.edu.au
range order in the vicinity of the LP, leading to the for-
mation of a Lifshitz spin liquid (LSL) [11]. In contrast to
other spin liquids, the LSL is connected to the collinear
and spiral ordered phases by continuous phase transi-
tions. However, one of us has demonstrated that unlike
the O(3) symmetric case, the LSL in an easy-plane XY
antiferromagnet only exists at the LP [12].
In a recent work [13], we demonstrated that significant
broadening of the dynamic structure factor can be ob-
served even when the quasiparticles are long-lived and
are not fractionalized by strong correlations (eg. in a
Luttinger liquid [14], or at a deconfined critical point
[7]). Instead, broadening can be driven by an infrared
catastrophe: An infinite number of arbitrarily low en-
ergy gapless excitations are emitted by the experimental
probe. In the case of the 2D non-critical XY antiferro-
magnet at finite temperature discussed in that work, the
fluctuations were thermal, and essentially classical in na-
ture. However, we noted that the phenomenon of “soft”
radiation has been well known to particle physicists for
decades in the context of the radiation of gauge particles
[15–17]. There, the phenomenon is driven by the infrared
divergence of the virtual processes constituting quantum
corrections to scattering cross sections.
In this work, we demonstrate that the LSL in the
zero temperature Lifshitz quantum critical XY antifer-
romagnet is also characterized by an infrared catastro-
phe. In particular, we illustrate the following: 1) The
bosonic quasiparticles are long lived everywhere in the
phase diagram. 2) In spite of the narrow quasiparticle
linewidth, the dynamic spin structure factor has a broad
non-Lorentzian frequency distribution. 3) The LSL has
only one effective degree of freedom, in contrast to the
O(N) quantum critical point [18]. However, away from
the Lifshitz point, this single degree of freedom gives rise
to distinct transverse and longitudinal responses.
The rest of this paper is structured as follows: In
Sec. II, we introduce the square lattice easy-plane J1-J3
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2model, and the field theory we use to study its low energy
sector. This is simply one example of a system capable
of realizing Lifshitz criticality. For clarity, we also sum-
marize some general considerations discussed in detail in
Ref. [12]. In Sec. III, we show that the quasiparticles
of the model are long-lived everywhere in the phase dia-
gram, and hence, that their interactions are weak despite
the diverging quantum fluctuations near the LP. In Sec.
IV, we derive an expression for the dynamic spin struc-
ture factor by resumming diagrams which are formally
infinite at the LP. This approach allows us to show that
the corrections to the structure factor originate from the
incoherent emission of spin waves. Sec. V presents our
conclusions.
II. THE J1-J3 MODEL
A square lattice antiferromagnet with frustrated long
range interactions can be described by the J1-J3 model,
given by the Hamiltonian
H = J1
∑
α〈i,j〉
S
(α)
i S
(α)
j + J3
∑
α〈〈〈i,j〉〉〉
S
(α)
i S
(α)
j , (1)
where Si = (S
(x)
i , S
(y)
i , S
(z)
i ) is the spin operator at site
i, nested pairs of angle brackets denote summation over
nearest, and next-next-nearest neighbor lattice sites, and
J1,3 > 0 is the exchange coupling constant between these
pairs of sites, respectively. For an O(3) rotationally
symmetric system, summation over spin components is
α = x, y, z, while for an easy-plane O(2) symmetric sys-
tem, α = x, y only. We will consider the latter case
throughout this paper. The low-lying excitations of this
model are bosonic magnons with no definite spin (since
the projection of spin is not a good quantum number of
the Hamiltonian (1)). In the Ne´el phase, these corre-
spond physically to in-plane oscillations of the the spins
transverse to the direction of staggered magnetization.
Hence, quasiparticle states are defined by their momen-
tum |k〉. The low energy physics of this lattice model
is described by an extended nonlinear sigma model with
Lagrangian [11],
L = 1
2
χ⊥(∂t~n)2 − 1
2
ρ(∂i~n)
2
− 1
2
b1
[
(∂2x~n)
2 + (∂2y~n)
2
]
− b2(∂2x~n)(∂2y~n), (2)
where ~n = (nx, ny) is the normalized staggered magne-
tization ~n2 = 1, χ⊥ is the magnetic susceptibility in the
zˆ direction, ρ is the spin stiffness, and b1,2 ≥ 0 char-
acterize the long range interactions. It is possible to
find approximate relations between these parameters and
those of the lattice, which we do in Appendix A, but it is
well known that the ultraviolet physics of the microscopic
model can significantly renormalize these quantities, par-
ticularly near quantum critical points. Therefore, we will
(mainly) perform calculations in this work without as-
suming specific values.
When ρ > 0 — which occurs for weak frustration —
the ground state of the system has Ne´el order which spon-
taneously breaks the rotational symmetry (rotation of ~n,
not the coordinate system) of the Lagrangian. When
ρ < 0 — which occurs when the long range interac-
tions are strong — the ground state is spiral ordered:
ϕ(r) = Q ·r, where the direction and magnitude of Q de-
pend on b1 and b2; the detailed behavior of the system in
the spiral phase is beyond the scope of this paper. These
two phases are separated classically by the Lifshitz point
ρ = 0. However, one of us has previously shown that
quantum corrections due to the long range interactions
lead to a nontrivial renormalization of the spin stiffness
ρ → ρr [12]. For the purposes of this paper, it suffices
to note that the LP actually corresponds to ρr = 0, and
from hereon, we will assume that all renormalization has
been taken care of and suppress the subscript.
In the O(2) model, it is convenient to parametrize the
~n field as ~n = (cosϕ, sinϕ), and in terms of this angular
field, the Lagrangian is
L = 1
2
χ⊥(∂tϕ)2 − 1
2
ρ(∂iϕ)
2
− 1
2
b1
[
(∂2xϕ)
2 + (∂2yϕ)
2
]
− b2(∂2xϕ)(∂2yϕ)
− 1
2
b1
[
(∂xϕ)
4 + (∂yϕ)
4
]
− b2(∂xϕ)2(∂yϕ)2. (3)
Therefore, the excitations are bosonic real scalar quasi-
particles. Additionally, we see that the frustration has
two direct effects on their properties: Firstly, the disper-
sion is nonlinear in momentum — due to the terms in
the second line of (3) — and in the Ne´el phase, we have
χ⊥ω2k = ρk
2 + b1(k
4
x + k
4
y) + 2b2k
2
xk
2
y. (4)
Secondly, the terms in the third line of (3) generate in-
teractions between excitations of the ϕ field. The corre-
sponding four point interaction vertex M(k1,k2,k3,k4)
is given by the following expression:
M =
= 12b1
(
k1,xk2,xk3,xk4,x + k1,yk2,yk3,yk4,y
)
+ 4b2
(
k1,xk2,xk3,yk4,y + k1,xk2,yk3,xk4,y
+ k1,xk2,yk3,yk4,x + k1,yk2,xk3,xk4,y
+ k1,yk2,yk3,xk4,x + k1,yk2,xk3,yk4,x
)
. (5)
Therefore, the field theory is not exactly integrable. How-
ever, we will demonstrate in the next section that these
interactions are very weak.
3FIG. 1. The leading order contribution to the quasiparticle
lifetime comes from this two loop diagram.
III. THE QUASIPARTICLE LIFETIME
As discussed in Ref. [12], the one loop self energy sim-
ply renormalizes the spin stiffness, and otherwise does not
have a qualitative effect on the nature of the quasiparti-
cles. At two loop level, the self energy has an imaginary
part generated by the diagram in Fig. 1, which leads
to a finite quasiparticle lifetime. Physically, the frustra-
tion allows one quasiparticle to decay spontaneously into
three. It is crucial that the frustration leads to a con-
vex dispersion in addition to contributing an interaction
vertex, as 1 → 3 decay is forbidden by conservation of
energy and momentum in the case of a linear or concave
dispersion. The linewidth due to this process is
Γq =
1
3!
1
(2pi)32χ4⊥ωq
∫
d2k1
2ω1
d2k2
2ω2
d2k3
2ω3
|M(q→ 3ϕ)|2
× δ(ωq − ω1 − ω2 − ω3)δ(2)(q− k1 − k2 − k3), (6)
where M(q → 3ϕ) = M(−k1,−k2,−k3,q) is the total
tree-level probability amplitude for the decay process, as
given by (5).
A. Far from the critical point
We begin by considering the system in the Ne´el phase
far from the LP. When b1 = b2 = 0, the dispersion is
linear, and conservation of energy and momentum force
all three decay products to be emitted in the direction
of the initial particle. Hence, if the nonlinearity is very
small — that is, b1,2q
2  ρ — the decay products are
emitted into a very narrow cone centered around the to-
tal momentum, as shown in Fig. 2. Therefore, if the
FIG. 2. Far from the LP, one quasiparticle can decay into
three with momenta lying in a narrow cone centered around
the total momentum.
initial particle is directed along the xˆ direction, the lead-
ing order contribution to the decay rate comes only from
the very first term in (5). Additionally, the only impor-
tant nonlinearity in the energy dispersion of each particle
comes from the b1k
4
x term in (4). Using this, we find that
the relative linewidth is
Γq
ωq
' 1
(2pi)3
6pi2
5005
(
b1q
2
ρ
)2(
cq
ρ
)2
, (7)
where c2 = ρ/χ⊥ is the wave speed in the linear regime.
Not only is b1q
2  ρ, and the prefactor ≈ 5 × 10−5,
but deep in the ordered Ne´el phase, any low energy ex-
citation will have cq  ρ as well. This extremely narrow
linewidth Γq ≪ ωq is not surprising given that the quasi-
particles are non-interacting when frustration is absent.
While we expect some qualitative differences in the spiral
phase, it is intuitively clear that when the nonlinearity in
the dispersion is weak, the quasiparticle lifetime will re-
main long due to phase space suppression of spontaneous
decay.
B. At the Lifshitz point
The integral (6) is far too impractical to attempt an-
alytically when the nonlinearity of the dispersion is im-
portant. Purely from dimensional analysis, we identify
that at the LP, the linewidth (6) will have the form
Γq
ωq
=
1
χ⊥b1
ν(ψ), (8)
where ν(ψ) is a number which depends only on the
ratio b2/b1 and the direction of the initial momentum
kˆ = (cosψ, sinψ). We calculate ν by numerical integra-
tion, and present our results in Table I. From the lattice
parameters (A7), a naive estimate using the classical LP
J3 = J1/4 gives χ⊥b1 ≈ (3/64)S2, which implies the
linewidth will be
Γq ∼ 0.1S−2ωq. (9)
Therefore, the linewidth will be small Γq . ωq, even for
S = 1/2. As noted previously, there will be quantum
TABLE I. The numerical coefficient of the linewidth ν(ψ),
for different ratios of frustration constants b2/b1. The mean
value presented is an angular average on the interval (0, pi/2).
Meaningful (larger than the numerical uncertainty) angular
variation in ν was only found for b2 = 0.
b2/b1 Mean[ν(ψ)] Range[ν(ψ)]
0 5.1× 10−3 0.3× 10−3
0.5 3.2× 10−3 —
1 2.6× 10−3 —
4corrections to the field theory parameters, so we might
expect the coefficient of (9) to be different by a factor of
2. However, this does not change the result qualitatively,
since the relative linewidth is simply a constant which is
never parametrically large.
We also note the following: 1) The integral (6) is very
well convergent in the infrared due to the momentum
dependence of the matrix element (5). In fact, the dom-
inant contribution comes from when the momentum is
evenly distributed among the decay products. 2) Spiral
order only affects the linear part of the quasiparticle dis-
persion [12]. 3) If b1,2q
2  ρ, then the linear terms in the
dispersion are irrelevant. Therefore, (8) and the numer-
ical results for ν(ψ) give the leading order contribution
to the decay rate on both sides of the LP.
In this section, we have demonstrated that the quasi-
particle linewidth (its inverse lifetime) is small compared
to its energy everywhere in the phase diagram, including
in the Lifshitz spin liquid phase. This indicates that the
nature of the quasiparticles in the LSL is not qualitatively
different from in the ordered phases.
IV. SPECTRAL BROADENING NEAR THE
LIFSHITZ POINT
The dynamic structure factor is directly measurable
through inelastic neutron scattering, which is typically
the experiment of choice for studying magnetic systems,
including spin liquids [19]:
Sij(k, ω) =
∫
dt d2r 〈0|ni(r, t)nj(0) |0〉 ei(ωt−k·r). (10)
This expression would, for example, correspond to the
response from a polarized neutron source. Following the
approach of Ref. [13], we expand the structure factor in
a spectral representation [20],
Sij(k, ω) =
∑
α
|〈α|ni(0) |0〉|2
× (2pi)3δijδ(ω − ωα)δ(2)(k− kα), (11)
where |α〉 is an excited ϕ quasiparticle state, and ωα
and kα are the energy and momentum of that state.
We fix the direction of the spontaneous staggered mag-
netization to correspond to ϕ = 0, and hence, and if
|α〉 = |k1, . . . ,km〉 is an m-particle excited state, the
matrix element in (11) is
|〈α|ni(0) |0〉|2 = e−〈ϕ2〉
m∏
j=1
1
2χ⊥ωkj
, (12)
for an even (odd) number of particles if i = x (y), and
zero otherwise. Therefore, when the external source in-
teracts with the system, it couples to the quantum fluc-
tuations of the ϕ field
〈ϕ2〉 =
∫ Λ
0
d2q
(2pi)2
1
2χ⊥ωq
' κ
8pi
√
χ⊥b1
log
4b1Λ
2
ρ
, (13)
assuming b1,2Λ
2  ρ, and where Λ ∼ pi/a is the ul-
traviolet momentum cut-off, a is the microscopic lattice
spacing, and
κ =
∫ 2pi
0
dψ/(2pi)√
cos4 ψ + sin4 ψ + 2(b2/b1) cos2 ψ sin
2 ψ
.
(14)
From this, we see that processes involving a finite num-
ber of quasiparticles are suppressed in the limit ρ → 0,
becoming forbidden precisely at the LP. Therefore, to
obtain an expression for the structure factor which de-
scribes the Lifshitz spin liquid, it is necessary to sum the
spectral representation (11) to all orders in the number of
emitted quasiparticles. For future use, we note here that
the form of (13) indicates that the smallest physically
important quasiparticle momentum is
qmin =
√
ρ
4b1
. (15)
That is, in close proximity to the LP — where ρ is the
smallest energy scale — it suffices to set ρ = 0 in all
calculations as long as any infrared divergent integrals
are cut-off by qmin.
Just as in Ref. [13], we can define the integrated prob-
ability for the source to excite m quasiparticles given a
transfer of energy ω and momentum k
Pm(k, ω) =
1
m!
∫
d{kα} |〈k1, . . . ,km|~n(0) |0〉|2
× (2pi)3δ(ω − ωα)δ(2)(k− kα), (16)
where d{kα} =
∏m
j=1 d
2kj/(2pi)
2, so that
Sii(k, ω) =
∑
m
Pm(k, ω), (17)
summing over even m if i = x and odd m if i = y. This
defines a diagrammatic expansion which is shown in Fig.
3. As expected, the elastic peak corresponding to the
static order has a spectral weight which is reduced by
proximity to the spin liquid phase:
P0(k, ω) = e
−〈ϕ2〉(2pi)3δ(ω)δ(2)(k). (18)
However, (17) does not actually account for all possible
processes. Since the quasiparticle lifetime is finite, the
probe can also excite quasiparticles which are off-shell,
which then decay into three on-shell particles, as shown
in the inset to Fig. 3. Therefore, in (16), we replace the
energy δ function by a Lorentzian distribution:
(2pi)δ(ω − ωα) −→ Γα
(ω − ωα)2 + Γ2α/4
, (19)
where Γα is the total width associated with the off-shell
process. For example, the single particle δ peak becomes
broadened:
P1(k, ω) = e
−〈ϕ2〉 1
2χ⊥ωk
Γk
(ω − ωk)2 + Γ2k/4
, (20)
5FIG. 3. Diagrammatic expansion of the dynamic structure factor. Dashed lines denote the source, wavy lines denote quasi-
particles, and vertical dashing denotes application of cut rules. The “magnifying” inset shows higher order off-shell processes
which generate broadening.
where Γk is the single particle inverse lifetime determined
in Sec. III. Therefore, by broadening the energy conserv-
ing δ function, our definition of Pm corresponds to the
probability of exciting m quasiparticles, some of which
may be off-shell. However, we can see from (20) that if
|ω − ωk| .= |∆|  Γk, the peak has zero effective width.
This defines two regimes of interest: |∆|  Γk, where
we can neglect the contribution from off-shell processes
to the structure factor and retain the energy δ function
in (16), and |∆|  Γk, where we must take the lifetime
into account.
A. Regime 1: Away from resonance
Away from the resonance ω = ωk, the single particle
peak has no influence, so we consider the two particle
diagram shown in Fig. 3,
P2(k, ω) =
e−〈ϕ
2〉
2!
∫
d2q
(2pi)22χ⊥ωq
1
2χ⊥ωk−q
× (2pi)δ(ω − ωq − ωk−q), (21)
which has no infrared divergence, but has a singular-
ity at q = k when ω = ωk. Therefore, in the regime
Γk  |∆|  ωk, most of the momentum from the source
will be transferred to a single quasiparticle; when b1 = b2,
the integral can be evaluated exactly to confirm this in-
ference. For general frustration, we find in the limit
Γk  |∆|  ωk that
P2(k, ω) ' κe
−〈ϕ2〉
8
√
χ3⊥b1ωk|ω − ωk|
. (22)
It is interesting to compare this result with the case of
the non-frustrated XY model discussed in Ref. [13]: In
that case, anti-Stokes (∆ < 0) processes were forbidden
at zero temperature by the phase space constraints im-
posed by a linear dispersion. At finite temperature, they
became allowed if the external probe absorbed at least
one excitation from the thermal bath. In our present
work, the quadratic dispersion near the LP allows con-
servation of energy and momentum to be satisfied for
positive and negative detuning ∆. However, ω < 0 pro-
cesses remain forbidden since it is impossible to extract
energy from the quantum vacuum.
The probability of exciting three particles can be eval-
uated within the same approximation. However, since
the quasiparticle dispersion is not isotropic if b1 6= b2 (ωk
depends on the direction of k) an accurate separation
of momentum scales between the two lower energy ex-
citations should take this into account. Linearizing the
energy δ constraint with respect to the small momenta q
and p,
ω − ωq − ωp − ωk−q−p ' ∆ + ∂ωk
∂k
· (q + p), (23)
imposes the limits of integration
qmin < q <
|∆|
vk
, and
|∆|
vk
< p <∞, (24)
where we extend the domain of p to ∞ since the contri-
bution at large momenta is negligible, and
vk =
∣∣∣∣∂ωk∂k
∣∣∣∣ , (25)
is the group velocity. Given this, we find that
P3(k, ω) ' P2(k, ω)×
∫ |∆|/vk
qmin
d2q
(2pi)2
1
2χ⊥ωq
= P2(k, ω)× κ
4pi
√
χ⊥b1
log
( |∆|
vkqmin
)
. (26)
Within the regime we are working in, as shown in Ref.
[13], this factorization of the emission probability holds
to all orders in the particle number. That is, for a total
of N excitations, there will be N − 2 “soft” quasiparti-
cles emitted in a statistically independent manner with a
6uniform angular distribution (for fixed momentum), and
PN (k, ω) ' 1
(N − 2)!P2(k, ω)
×
[
κ
4pi
√
χ⊥b1
log
( |∆|
vkqmin
)]N−2
. (27)
We then insert this expression into (17) to find that
Sii(k, ω) = P2(k, ω)×
{
coshλ1 for i = x,
sinhλ1 for i = y,
(28)
where
λ1 =
κ
4pi
√
χ⊥b1
log
( |∆|
vkqmin
)
, (29)
is the mean number of excited quasiparticles with mo-
mentum less than |∆|/vk. It is straightforward to see
that the quantum fluctuations in the vertex e−〈ϕ
2〉 (13)
regularize the infrared divergence of X in the limit ρ→ 0,
and that in the LSL, we have
Sxx(k, ω) = Syy(k, ω)
=
κ
16
√
χ3⊥b1ωk|ω − ωk|
( |ω − ωk|
Λvk
)ζ
, (30)
where
ζ =
κ
4pi
√
χ⊥b1
, (31)
is the same critical exponent found in Ref. [12].
B. Regime 2: On Resonance
To avoid cumbersome equations, we will only consider
the case ∆ = 0; this will reveal all of the important
physics. In this case,
P1(k, ωk) =
2e−〈ϕ
2〉
χ⊥ωkΓk
, (32)
and the probability of exciting two particles is
P2(k, ωk) ' κe
−〈ϕ2〉
4
√
χ3⊥b1ωk
×
∫
d2q
(2pi)2
1
q2
Γ
(vkq cos θq)2 + Γ2/4
, (33)
which is now infrared divergent. In the regime |∆|  Γk,
we found that both of the particles in this process would
have a finite energy, with one particle carrying ∼ |∆|. By
reducing the detuning, we also reduce the energy of this
second particle until it is cut off by vkqmin. Consequently,
the broadening from the soft quasiparticle is negligible,
and we approximate the total width of the two particle
process as Γ ≈ Γk, independent of q. This leads to
P2(k, ωk) ' P1(k, ωk)×
∫ Γk/vk
qmin
d2q
(2pi)2
1
2χ⊥ωq
= P1(k, ωk)× κ
4pi
√
χ⊥b1
log
(
Γk
vkqmin
)
. (34)
Therefore, we find very similar factorization of the prob-
ability, and it is immediately clear that
PN (k, ωk) =
1
(N − 1)!P1(k, ωk)λ
N−1
2 , (35)
where
λ2 =
κ
4pi
√
χ⊥b1
log
(
Γk
vkqmin
)
, (36)
is the mean number of emitted particles when the source
is on resonance. Then, in the LSL phase, summing up
all N gives the structure factor
Sxx(k, ωk) = Syy(k, ωk) =
1
χ⊥ωkΓk
(
Γk
Λvk
)ζ
. (37)
This is a strikingly different expression to (30). Naively,
we might have expected that crossing over to the regime
|∆|  Γk would have the effect of replacing
|ω − ωk| wrong−−−−→ Γk. (38)
Instead, we we actually find
|ω − ωk| correct−−−−→ κ
16
√
χ⊥b1
Γk. (39)
FIG. 4. The dynamic structure factor in the LSL phase, com-
paring the exact solution (30) and (37) with a naive Born ap-
proximation. Parameters:
√
b1k
2 = 1,
√
b1Λ
2 = 10, χ⊥ = 1,
ζ = 0.2, and Γk = 0.3.
7This reflects the change from a spectrum characterized
by the emission of two particles in a range of possible
directions, to a predominantly single particle spectrum
(with radiative corrections) which is characterized by the
finite lifetime of the excitations.
As shown in Fig. 4, the finite quasiparticle lifetime reg-
ulates the singularity in the spectrum at ω = ωk. This is
in contrast to the non-critical XY antiferromagnet at fi-
nite temperature discussed in Ref. [13], where the quasi-
particles were non-interacting and infinitely long-lived;
the spectrum contained a physical singularity. For com-
parison, we also plot the naive Born approximation for
the transverse component of the structure factor, which
corresponds to the diagram P1 shown in Fig. 3, without
the vertex e−〈ϕ
2〉. Evidently, this first order approxima-
tion differs considerably from the exact solution obtained
by summing diagrams to all orders.
C. Discussion
From the results obtained, we can deduce the following
key points:
(1) Lifshitz criticality leads to remarkably similar
physics to the effect of temperature in the non-frustrated
XY model: The quantum fluctuations “dress” the probe
so that interactions with real and virtual particles be-
come indistinguishable. In the spin liquid phase, the
probability of exciting any finite number of quasiparti-
cles is forced to zero by the vertex e−〈ϕ
2〉, and so the
source must excite an infinite number of arbitrarily low
energy excitations.
(2) Just like the vanishing elastic spectral weight at
the LP, the absence of polarization dependence — the
structure factor has Sxx = Syy — is a key signature of
the absence of long range order in the LSL.
(3) The lattice parameters (A7) imply that the critical
exponent ζ ∼ 1/S. This indicates that the radiative
corrections are largest for smaller values of spin per unit
cell S. Additionally, the expressions for the structure
factor (30) and (37) account for all orders in 1/S. In
this sense, our method reveals physics which cannot be
captured by linear spin wave theory.
(4) Given the definition of the mean number of emitted
quasiparticles (29), it is simple to show that the average
intensity of the soft radiation, integrated over the direc-
tion of emission, is independent of frequency:
dI = ωdX =
κ
8pi
√
χ⊥b1
dω. (40)
This mirrors the behavior of bremsstrahlung in quantum
electrodynamics (QED), where the emitted photons have
an energy distribution which is equal to the frequency-
independent classical expression for the radiated energy
[21]. In the non-relativistic limit, the intensity is [22],
dIQED =
2e2v2
3pic3
dω, (41)
where v is the speed of the radiating charged particle.
By analogy, we consider that the radiation of spin waves
in a LSL is “as classical as possible”.
(5) The number of effective degrees of freedom can be
quantified by the specific heat capacity as T → 0; this
counts the number of gapless modes. Since the quasipar-
ticles remain well-defined everywhere in the phase dia-
gram, the specific heat of the LSL will be the same as
that of a single quadratic degree of freedom. This is in
contrast with O(N) quantum criticality: In the broken
symmetry phase, longitudinal excitations of the order pa-
rameter are gapped out, and there are N−1 independent
gapless linear Goldstone modes. In the quantum disor-
dered phase, there are N independent gapped modes.
However, while this gap vanishes at the O(N) critical
point, the number of effective degrees of freedom is a
rational number 4N/5 [18, 23].
(6) The problem we have studied in this work is a zero
temperature unitary quantum theory. Therefore, the
cancellation of infrared divergences in physical observ-
ables such as the dynamic structure factor is guaranteed
by the KLN theorem [24, 25].
D. Verification of sum rules
To confirm the validity of our result for the dynamic
structure factor (30), we calculate its static sum rule [20],
using two different approaches. Defining the total unpo-
larized response
S(k, ω) = Sxx(k, ω) + Syy(k, ω)
=
κ
8
√
χ3⊥b1ωk|ω − ωk|
( |ω − ωk|
Λvk
)ζ
, (42)
the static structure factor is
S(k) =
∫
dω
2pi
S(k, ω)
=
∫
d2r 〈~n(r, 0) · ~n(0)〉 e−ik·r, (43)
where the equal time correlator in the LSL phase was
calculated in Ref. [12], for Λr  1,
〈~n(r, 0) · ~n(0)〉 ' (Λr)−ζ . (44)
Inserting this expression into (43) and performing the
Fourier transform, we obtain
S(k) ' κ
2
√
χ⊥b1k2
(
k
Λ
)ζ
. (45)
8We then compare this with our result obtained from
summing the spectral representation: The spectrum is
sharply peaked at ωk, and the singularity at this point
in (42) is integrable. Therefore, we can neglect the ef-
fect of the lifetime near resonance, and the ω integral in
(43) is well approximated by a restriction to the interval
(0, 2ωk). This yields
S(k) ' 1
2χ⊥ωk
(
ωk
Λvk
)ζ
, (46)
which initially seems quite different to (45). However,
the radiation which contributes the correction (ωk/Λvk)
ζ
has an extremely long wavelength, and hence will only
weakly “feel” any anisotropy. It is also emitted statis-
tically independently in all directions. Therefore, inside
the parentheses, we can safely set b2 = b1, and then av-
erage (46) over the direction of k (this gives the correct
factor of κ). After doing so, we obtain precisely (43). We
also observe that ∫ Λ
0
d2k
(2pi)2
S(k) = 1, (47)
which is exactly equal to the elastic spectral intensity
far away from the LP (see (18)). Therefore, just like
temperature in the non-critical XY model, Lifshitz criti-
cality “disolves” the elastic peak into an infinite particle
spectrum.
E. Away from the Lifshitz point
We conclude this section by examining the properties
of the system slightly away from the LP. Firstly, we note
that the statistically independent emission of the soft ra-
diation — which is a consequence of the factorization of
the probability PN — implies that the number of emitted
low energy quasiparticles will be Poisson distributed:
P (emit Nϕ) =
1
N !
λNe−λ, (48)
where λ is the mean number of soft excitations, given by
either (29) or (36), depending on the frequency regime,
as described above. As a result, λ will also be the vari-
ance in the number of soft excitations, and diverges as
ρ→ 0. However, the number of particles emitted in any
range of momenta 0 < k− < k+  max{|∆|,Γk}/vk re-
mains finite at the LP, and the distribution is obtained
by replacing λ in (48) with
n¯ =
κ
4pi
√
χ⊥b1
log
k+
k−
. (49)
Secondly, the dynamic structure factor (30) is polar-
ization dependent away from the LP. From a funda-
mental perspective, it is interesting that a single well-
defined quasiparticle degree of freedom gives rise to an
anisotropic polarization response. This dependence is
due to the nontrivial manner in which the source cou-
ples to the excitations via the cosine or sine of the angle
ϕ: Away from the LP, only an even (odd) number of
quasiparticles are excited if the source is polarized par-
allel (perpendicular) to the Ne´el order parameter. We
also calculate the ω integrated spectral weight contained
in each polarization channel. Close to the LP, the differ-
ence between the tails of the two polarizations is
Sxx(k, ω)− Syy(k, ω)
=
κ
8
√
χ3⊥b1ωk|ω − ωk|
(
q2minvk
Λ|ω − ωk|
)ζ
. (50)
Since we derived this expression in the limit |∆|/vk 
qmin, the difference between the spectral weights of each
channel will be
' 2
∫ ∞
vkqmin
d∆
2pi
[Sxx(k, ω)− Syy(k, ω)]
=
1
2χ⊥ωk
(qmin
Λ
)ζ
, (51)
where qmin =
√
ρ/4b1. However, away from the LP,
Syy(k, ω) also contains a finite single particle δ peak (20),
P1(k, ω) ' 1
2χ⊥ωk
(qmin
Λ
)ζ
δ(ω − ωk), (52)
which has an integrated weight exactly equal to (51).
Therefore, the total integrated spectral weights of the
two channels are equal:∫ ∞
0
dω
2pi
[Sxx(k, ω)− Syy(k, ω)] = 0. (53)
V. CONCLUSIONS
To summarize, we have shown that:
(1) The bosonic magnon quasiparticles of a 2D Lifshitz
easy-plane antiferromagnet are interacting, but are long-
lived and well-defined everywhere in the phase diagram,
including in the Lifshitz spin liquid.
(2) Near the Lifshitz point, the spectral weights of pro-
cesses involving finite numbers of quasiparticles are sup-
pressed by infrared divergent quantum fluctuations.
(3) However, the dynamic structure factor is broad-
ened by contributions from large logarithms (see (27))
which balance the fluctuations.
(4) Precisely at the Lifshitz point, quantum fluctua-
tions force the external probe to excite an infinite number
of arbitrarily low energy quasiparticles.
We conclude by noting that the presence of a two-particle
continuum is often taken as a signature of magnons frac-
tionalizing into pairs of spinons [2]. On the other hand
9the structure factor we have calculated (30) is explicitly
a two-particle continuum weighted by radiative correc-
tions. However, we have demonstrated in this paper that
the quasiparticles of the LSL are not fractional excita-
tions.
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Appendix A: Mapping between lattice and field
theory models
By using spin wave theory to calculate the magnon
dispersion from the J1-J3 model and comparing with the
field theory dispersion (4), it is possible to more accu-
rately determine the field theory parameters in terms of
the microscopic model by ensuring that the two methods
predict the same quasiparticle energy. However, it is well
known that the ultraviolet physics of the specific lattice
model can have important effects which are not captured
by spin wave theory. Therefore, the following calculation
remains only an approximation.
Consider the Hamiltonian (1). The equations of mo-
tion for the yˆ and zˆ components of spin are
d
dt
S(y)n = −J1
∑
〈`,n〉
S
(x)
` S
(z)
n − J3
∑
〈〈〈m,n〉〉〉
S(x)m S
(z)
n ,
(A1a)
d
dt
S(z)n = J1
∑
〈`,n〉
(
S
(x)
` S
(y)
n − S(y)` S(x)n
)
+ J3
∑
〈〈〈m,n〉〉〉
(
S(x)m S
(y)
n − S(y)m S(x)n
)
. (A1b)
We fix the xˆ axis as the direction of spontaneous stag-
gered magnetization, and then expand around the clas-
sical Ne´el state by setting S(x) = +S everywhere on
the “up” sublattice and S(x) = −S everywhere on the
“down” sublattice. To leading order in 1/S, the equa-
tions of motion are then linearized:
d
dt
S(y)n = ±4S(J1 − J3)S(z)n , (A2a)
d
dt
S(z)n = ∓J1S
∑
〈`,n〉
(
S(y)n + S
(y)
`
)
± J3S
∑
〈〈〈m,n〉〉〉
(
S(y)n − S(y)m
)
, (A2b)
taking the upper (lower) sign if site n belongs to the up
(down) sublattice. The system can be further simplified
by switching to Fourier space S
(α)
n → S(α)k eik·rn :
d
dt
S
(y)
k = ±4S(J1 − J3)S(z)k , (A3a)
d
dt
S
(z)
k = ∓4J1S
(
S
(y)
k + γkS˜
(y)
k
)
± 4J3S(1− γ2k)S(y)k , (A3b)
where the tilde denotes a momentum mode belonging to
the opposite sublattice, and
γk =
1
2
(cos kx + cos ky), (A4)
in units of the lattice spacing a = 1. The equations (A3)
actually define a system of four coupled linear differen-
tial equations: one equation for each yˆ and zˆ component
on each sublattice. Diagonalizing the system gives two
magnon frequency branches
ω2k = 16J
2
1S
2
(
1− J3
J1
)[
1± γk − J3
J1
(1− γ2k)
]
. (A5)
The lower branch corresponds to the negative sign, and
expanding in powers of momentum gives
ω2k ' 4S2(J1 − J3) (J1 − 4J3) k2
+
1
3
S2 (J1 − J3) (16J3 − J1) (k4x + k4y). (A6)
We first fix the magnetic susceptibility χ⊥ = 1/4J1 to
agree with the non-frustrated model, and then compare
with the field theory dispersion (4) to find b2 = 0 and
ρ = J1S
2
[
1− 5
(
J3
J1
)
+ 4
(
J3
J1
)2]
, (A7a)
b1 = J1S
2
[
− 1
12
+
17
12
(
J3
J1
)
− 4
3
(
J3
J1
)2]
. (A7b)
These parameters are consistent with the classical LP
J3 = J1/4, at which ρ = 0 and b1 = 3J1S
2/16. We
also note that at kx, ky ≈ 0, the lower branch has an
eigenvector with S(z) = 0 and the S(y) components of
each sublattice oscillating with a pi phase difference. This
is precisely an excitation of the angle ϕ in the continuum
theory.
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